
A nonconfocal generator of involutive systems and Levy hierarchy

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 711

(http://iopscience.iop.org/0305-4470/26/3/028)

Download details:

IP Address: 171.66.16.68

The article was downloaded on 01/06/2010 at 20:46

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A Math. Gen. 26 (1993) 711-717. Printed in the UK 
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Abstract. In this paper, a new non-confocal generator of involutive systems is obtained, 
and the relation between it and Levy equation hierarchy is discussed. Furthermore, the 
representation of the solution for the Levy hierarchy is given. 

1. Introduction 

To find a new integrable system is an important subject [l, 21 in soliton theory and 
integrability theory. However, whether a Hamiltonian system is completely integrable 
depends on whether the N-involutive system exists or not; almost all involutive systems 
already acquired by nonlinearized eigenvalue problems [3] are reduced to the so-called 
confocal involutive systems [4-141, whose generators are 

A natural problem is to find non-confocal generators, so that essential new integrable 
system can be obtained. 

In this paper, a new generator of the non-confocal involutive system ek is found: 

We prove that the Hamiltonian system (RZN,  d P  A dQ = Zg, dp, A dq,, H )  is completely 
integrable in the Liouville sense, where 

(1.2) 
A=diag(A,,A,, .. . ,AN) , ( . ; )  are a standard inner product in RN, Q =  
( q l ,  q 2 , .  . . , qN)T, P = (pl, pz, . . . , pN)? Furthermore, the relation between the com- 
pletely integrable Hamiltonian system (RZN, d P  A dQ, H )  and Levy equation hierarchy 
115,161 is discussed, the solutions of the Levy hierarchy are generated by the solutions 
of the completely integrable systems. 

H=%(A2P, Q)+(P, Q)'-(AQ, Q)(P, Q)-(AP, P)). 

2. The non-confocal generator and the finite-dimensional complete integrable 
Hamiltonian systems [171 

Let P = ( p , ,  p2,. . . , pN)T and Q = (q,,  q 2 , .  . . , qN)T be the basic coordinate functions 
in RZN. The Poisson bracket of two smooth functions F, and F2 in the symplectic 
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space (RZN,dP~dQ=XE1dpjhdqj )  is defined as [17] 

Zhang Baoeai and G u  Zhuquan 

which satisfies the Leibnitz rule: 

(FIFz, F3)=F,(F2, F 3 ) + F 2 ( F 1 ,  F3) 

where F3 is the smooth function in the symplectic space (RZN, d P  A dQ). Fl and F2 is 
called an involution if (Fl , F2) = 0. 

The Hamiltonian canonical equation of the smooth function F in the symplectic 
space (RZN, d P  A dQ) is defined as 1171 

j = l , 2  ,..., N. 3 = (p j ,  F )  = -aF/aq, 
qjt = (q j ,  F )  =aF/apj 

N N N N 

k j = I  j j = 1  i i-1 
c'=c , c"= c e= c e'= e 

n i -1  
i#" j * k  i+%k 

Through direct calculation, we have 

Similarly 

Thus(&6k)=0 ,  n , k = l , 2  ,..., N. 
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Theorem 2.2. Set 
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ProoJ Since 

and 

1 + 1 1 
(Z-A:)(~-A?)= ( z  -A;)(A;-A;) ( ~ - A ; ) ( A : - A z , )  

the required result is obtained through direct calculation. 

Theorem 2.3. Let 

E -  k - A k P k q h - A k P ? i + ( e  2 Q ) P k q k - ( P ,  Q)A&Gk 

then {Ek, k =  1; 2,. . . , N }  is an N-involutive system. 

Theorem 2.4. The Hamiltonian system (2.3) by definition (1.2) is finite-dimensional 
and completely integrable in the Liouville sense. 

j = l , 2  ,..., N. 3 pix = -aH/aqi 
q j x  = aH/Q 
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Proof: From theorem 2.3, (.En, Ek) = 0, n, k = 1,2 , .  . . , N, and through direct calcula- 
tion, we have 
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(H,&)=o k = l , 2  ,..., N. 
The required result is obtained. 

From theorem 2.2, let IzI > max{lA:l, lA:I,. . . , IAfil}, then 

so that 

thus 

Furthermore 
N 

k = l  
1 4EkAim = H, (2.4) 

where 

H, =f(A2"'+'P, Q)-f(AZ"+'P, P ) + g P ,  Q)(A2"P, Q)-gP,  Q)(A2""Q, Q) 

(2.5) 
+4 f I W2'E 

j=l (A2"4j+l 

By theorem 2.3, we have 

N N  
= z 1 $AE"'Ay(Ek, Ej)=O m, n = l , 2 , 3 , .  .. . (2.6) 

k=l j = 1  

By theorem 2.4, we have 

(H,H,)=O m = 1,2, .  . . i 
Theorem 25. The Hamiltonian system defined by (2.8) is finite-dimensional and 
completely integrable in the Liouville sense. 

where H, is defined by (2.5). 

Proof: From (2.4), we have 

(Hm, Ek)=o 
so that theorem 2.5 holds. 

k =  1,2, .  . . , N 
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3. Relationship with the Levy equation hierarchy 

Now, we consider the following eigenvalue problem: 

where U and v are called potentials, A is the eigenparameter. 
Let J = J/J& aJ-‘= JK’J = 1, and the operators K and J take the following form: 

- ( J u + u J )  -J* -OJ+Ju]  .=[“ J ]  
K = [ d ’ + ~ J - J v  au+ud J 0 ’  

We define L e n d s  sequence Gj, j = 0,1 ,2 , .  . . , by means of the recursion~relations 

KGj-,=JGj j = O , l , Z  ,..., G- l= [y ]  j = 1 , 2  ,.... (3.3) 

Directly computing, we obtain 

+ & M -  MN; 

= [ i’ ; ] [ ( - J u - u J ,  - J ’ - W J + J u ) G , - A ’ ( O , J ) ~ , ]  

+ [ i’ 41 [(a’+ u J - a v ,  J v +  v J ) G ,  - A’(J, O)G,].  
1 

I 

Further, we take 

From (3.3), (3.4) and ( 3 3 ,  we have the following theorem. 

Theorem, 3.1. The mth-order Levy equation 

is equivalent to the zero-curvature equation 

M,* N,- [M,  N,] = NmX + N,M - M N ,  

which is the compatible condition for the following Lax pair: 

(3.5) 
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Example. By (3.3) 
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1 U, -uz+2uu 

-U, + U 2  - 2uu 
G I  = JPKG,  = 

G O = [ : ]  J-l=[a-l o a-' o ]  

has the Lax pair 

1 - ; ( A ~ + u +  u)(A~- U + U )  -$(U= -us )  A(u'- U U - U , + A ~ U )  

-A3+A(0-u)  $(AZ+ U +  U ) ( U  - U+AZ)+$(ux - U,) 

Remark From (3.2) and (3.6), let @ = KI-I, then 

1 -a-u+aua-' -aua-'-u 
a + u -sua-' sua-'+ U @ = [  

is the hereditary operator of the Levy hierarchy 1161, and we have 

so that equation (3.6) is called an mth-order Levy equation. 

boundary conditions, say, periodic or decaying to zero at infinity 
Now, let Aj and (pj, qj)' be the eigenvalue and eigenfunction of (3.1) under certain 

Then in the normal way we have [6]: 

By (3.2), we obtain 

Consider the following constraint [6]: 

From (3.31, (3.8) and (3.91, we have 

cj =(A2'P, Q)-(A""Q, Q) 

(3.9) 

bj=(A2'P, Q) j = O ,  1,2, .  .. . 
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In the case of the constraint condition (3.9), the Lax pair (3.11, (3.7) of the mth-order 
Levy equation are nonlinearized respectively as follows: 

j=1 ,2 , .  . ., N 
aH aH 

q j x  =- 
P I X = - %  an (3.10) 

(3.11) 

where H is defined by (U), H,,, is defined by (2.5). 
According to theorem 2.4 and equations (2.6), (2.7), the Hamiltonian canonical 

systems (3.10) and (3.11) are completely integrable in the Liouville sense; and (3.10) 
and (3.11) are compatible [17]; therefore  the^ Hamiltonian phase g& and gk- ,  are 
commutable. Now, we arbitrarily choose an initial value (P(O,O), Q(0, O))T; set 

(3.12) 

then (3.12) is called an involutive solution of the Hamiltonian canonical systems (3.10) 
and (3.11). We thus obtain the following theorem. 

Theorem 3.2. Suppose (P(x ,  t,,,), Q(x ,  tm))T is an involutive solution of (3.10) and 
(3.11), then 

v = ( P ( x ,  fm), Q(s tm))-(AQ(x,  tm),  Q(x, hJ) 
u = ( P ( x ,  tm) ,  Q(x, 8,)) 

becomes the solution of the mth-order Levy equation (3.6). 
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